A systematic study of the direct computation of the isothermal compressibility of normal quantum fluids is presented by analyzing the solving of the Ornstein-Zernike integral equation ( 
I. INTRODUCTION
integral Monte Carlo (PIMC) and path integral techniques based on molecular dynamics has led to a deep understanding of static and dynamic quantum effects in the fluid and solid phases. 3, 21 In all of these applications, a very fruitful concept has turned out to be that of the PI necklace centroid,
i.e. a centre of mass for the PI necklace. This concept has brought about developments in diverse directions, for example: a) quantum dynamics; 11, 16, 19 b) quantum effective potentials; 22 and c) fluid and solid structural features and related questions. [23] [24] [25] [26] [27] [28] [29] [30] [31] There are some technical subtleties in the definition and use of centroids in the study of quantum dynamics, 11, 16 but these will not be dealt with in the present article which will only be concerned with equilibrium.
Of particular interest regarding the PI centroid correlations is the key role they play in computing, through calculations in Fourier space of the isothermal compressibility [i.e. ( 0)], S k = the equation of state of quantum fluids. 29 This fact reveals some deep connections between classical and quantum statistical mechanics, and allows one to utilize the centroid concept at equilibrium in a very pragmatic way: it is a very useful device for counting number fluctuations.
Prior work by this author over the past years has provided the required Ornstein-Zernike (OZn) framework, as well as a number of physically significant two-and three-body applications. The results so obtained were based on (N, V, T) simulations and showed excellent agreement with experiments and other theoretical approaches. [27] [28] [29] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] Clearly, there are other general methods to obtain isothermal compressibilities for quantum fluids, such as the evaluation of the fluctuations in the (µ, V, T)-number of particles 43, 44 or in the (N, P, T)-volume. 43,15(b) - (c) , 45 To carry out extensive grand ensemble simulations appears to be a daunting task in the quantum case. Besides, when performing quantum ( , , ) N V T or ( , , ) N P T simulations, there are two well-known finite-size effects affecting isothermal compressibilities which have not yet been analyzed in detail. One is the explicit effect that is associated with the fixing of S N N = particles in the simulation, and the other is the implicit effect that is related to the influence of the periodic boundary conditions. 44 Far from the critical point and for a sufficiently large sample size , S N the main influence on the simulation results is caused by the explicit effect, which becomes even more determining in the case of short-range interactions.
Given the equivalence of ensembles (far from the critical point) and the exactness of OZ2
for the PI centroid pair correlations, the route already employed in preliminary works 41, 42 by this author may be a useful starting point to tackle the foregoing questions. This route is based on the OZ2 treatment of (N, V, T) necklace centroid pair structures, which are adequately corrected with grand-canonical terms to deal with the finite-N effects. Not only does this route provide very accurate fluid equations of state, as shown below, but also it is very fast in computational terms. It is then to be regarded as a useful and more efficient alternative to the usual virial pressure p equation under extreme conditions (e.g. strong repulsive interactions present). Moreover, the "fine tuning" presented in this investigation is a necessary step which will be valuable for a wide range of further related purposes. One may mention, for instance, the general topic of the OZn equations 4, 43, 46 in which it is contained. This topic deals with quantum and classical static structure factors for fluids, 27, 41, 42, [46] [47] [48] the decay properties of the particle correlations, 39 interfacial phenomena, etc. 46(d) Besides, the study of complex molecular fluids that may be represented by spherically symmetric potentials (e.g. fluid hydrogen isotopomers) 29, 47 can also benefit from this fine tuning.
The scope of this article will be that of homogeneous and isotropic quantum monatomic fluids at equilibrium in which diffraction effects dominate their behavior. Each particle (i) will be then represented by a PI elastic necklace composed of P beads with coordinates , / mP β (m = particle mass). Note that the exact quantum limit is retrieved for , P → ∞ 49 but at nonzero temperatures statistical convergence is assumed to occur for a finite P. The necklace centroid (CM) position vector of atom i is thus conventionally defined as where NP W is the "potential" of the sample which takes into account the foregoing bead-bead harmonic couplings, the interactions between "equal-time" beads in different necklaces, and, in the efficient versions, also corrections that yield faster convergences with the use of workable P values (see below). 3, [10] [11] [12] [49] [50] [51] [52] [53] The quantum hard-sphere fluid (QHS) has been selected as a probe to illustrate this study.
The issues addressed in this work are the following: the influence of a thorough canonical structural sampling in real space over long run lengths; the overall assessment of the importance of grand-canonical corrections to deal with the finite-N effects; and, also, the fixing of significant error bars for the isothermal compressibility results arising from OZ2 applications. The outline of this article is as follows. Section II describes the basic theory, with an emphasis on the role played by external fields in the partition function of the quantum system. Section III contains the computational details and Section IV the results and their discussion. Finally, Section V collates the main conclusions of this work.
II. THEORY

A. Statement of the problem
The homogeneous and isotropic quantum fluid at equilibrium will be represented by a grand-canonical partition function ( , , ). V T µ Ξ When exchange can be neglected Ξ reads as the following weighted summation of canonical partition functions
where µ is the chemical potential, and The average number density will be denoted by / .
Note that no restriction on the form of the interactions contained in the U term has been imposed, and U may take any significant many-body expression. It has to be stressed that the indistinguishability factors ! N come from the symmetry properties of the complete canonical partition functions, from which one obtains Eq. (1) by retaining only the identity permutations when exchange effects can be neglected. 2, 4 Boltzmann statistics is then utilized to describe the system and to deal with quantum dispersion effects. In the study of fluids the ! N factors are crucial in that they guarantee the correct transition quantum → classical in statistical mechanics ( factors also appear in the latter case). 2, 4, 43 In this regard, also note that for the equilibrium calculations of non-thermal properties in the canonical or the isothermal-isobaric ensembles, the corresponding factor ! N may be omitted, as it cancels out when computing averages.
By considering the effect of an external field acting as ( ),
∑ r after applying P times the product property of the canonical density operator one finds ( ) 
which is accurate up to
By defining the external field as one of constant strength f, . ,
for the actual system utilizing the coordinates of the PI centroids in the field factor
The physical significance of the process sketched above is guaranteed by the non-negativeness of the density matrix at all temperatures in the coordinate representation and also by Trotter's formula, 49 which makes the raw primitive approximation for well-behaved operators
exact in the limit . P → ∞ It is worthwhile insisting on the fact that the matrix elements contained in Eq. (5) are nonnegative quantities, which will be defined in terms of all the positions , N t r by applying path-integral techniques. The optimum number P guaranteeing statistical convergence for properties is assumed hereafter.
Note that the appearance of the centroids 1 , (5) is only related to the consideration of the external field of constant strength in the actual quantum partition function. In this connection, the PI centroids are functions of the bead coordinates and, as such, one can evaluate averages related to these variables [e.g. the two-body correlation 2 12 ( )]
working with the system at 0.
F Ψ = On the other hand, the foregoing development gives a precise physical meaning to the PI centroids at equilibrium. 29 It is here where the use of the grand ensemble becomes decisive. Eq. (5) 
( ; ) (
where (1) , N CM ρ and (2) , N CM ρ are the one-body and the two-body spatial correlation functions, which in a weak field can be approximated by the zero field functions / 
The latter cannot be measured directly in an experiment because the field couples with actual particles. However, CM S can be connected to measurable properties obtainable with scattering techniques. [32] [33] [34] 47 The exact 2 OZ equation for PI centroid correlations turns out to be formally the same 29 as that of a classical fluid which is composed of structureless particles (Appendix I). 43, 46 In the absence of the external field (homogeneity and isotropy are assumed) it reads as 12 12
where 1
CM CM h g = − and CM c is the direct pair correlation function. Note that the complete set of classical-like equations OZn (n = 2, 3, …) for the PI centroids can also be exactly defined. 29, 41 This fact extends the usefulness of these PI variables to deal with correlations between particles beyond the pair level, either at zero field or under a constant force field. With the use of Eq. (9) one writes in Fourier space 
where T χ is the isothermal compressibility. 11 should be taken into consideration when planning the computations to be carried out. Besides, one can always fix the number P of beads which is best suited for the purpose of all these calculations, and no inconsistencies between the above centroid derivation and the final isolated system calculations arise.
It is worth remarking that Eq. (11) shows no explicit dependence on the interactions contained in U, and hence it is completely general. 56 This fact stems directly from the particle number fluctuations and makes Eq. (11) a powerful tool. As a consequence, the final centroid scheme, Eqs. (9)- (11), can also be applied with no changes when the Hamiltonian includes interactions beyond the atom-atom level. Note that, the action of the field as obtained through Eqs. 
Q is an auxiliary function continuous at 12 , R R = and such that 12 ( ) 0 Q R = for 12 . In this regard, Baxter already noted that specifically
is a necessary condition related to some intricacies of the convergence of integrals in the auxiliary complex plane , k x iy = + and that can be related to the isothermal compressibility as a) The condition for the cut-off distance R to preserve the h continuity is
These proper cut-off R values will be denoted by Z R (zeros) hereafter. In this connection, one notes that although the very existence of these zeros has not been proved analytically, previous work by the present author indicates that they actually show up in these calculations. There may be one or, in general, more than one 32, 35, 36 , Z R and the solution to this cut-off R problem is not expected to be unique.
b) The procedure giving 
with L being the length of the simulation cubic box. The parameter σ is a short-range distance that may be set arbitrarily, although a good choice is a hard-sphere diameter for the particles. By using the tabulation { } 
D. Proposed actions
a) The first most obvious action is two-fold and is related to the initial PIMC calculations: the use of a large sample size S N (number of actual particles), and the increase of the run length. By so doing, one could reduce the finite-N effects rendering them negligible from a practical point of view, and also obtain improved results for the fine long distance details which define the low-k behavior.
b) The second action is intended to alleviate the burden of using a large S N and consists in including grand-canonical corrections to the canonical centroid pair radial correlation function. It is expected then that a compromise between the use of a moderately large sample size and the "harnessing" of the significant part of the finite-N effects may be reached. A straightforward and valuable way to achieve this end is the iterative process put forward by Baumketner and Hiwatari, 58 which treats the canonical output 
This method (GC) assumes that there is an independent way to obtain ( 0). 
iii) Compute the final estimates of the error bars for T χ as
where independence between the results obtained in i) and in ii) is applied.
Eq. (23) is an estimator that tends to the essential dispersion ( ) Gaussian behavior. However, such behavior does not seem to be the general case (see below), and one should resort to non-parametric tests (e.g. sign test) to carry out such comparisons.
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III. COMPUTATIONAL DETAILS
The calculations carried out in this paper have been based on PIMC-( , , ) N V T simulations, for which (P convergence is reached) the canonical partition function is given by
The necklace centroid pair structures CM g are defined through ( ... = canonical average)
For completeness, two more significant pair radial correlations have also been computed. 
These two functions, together with ( ), CM S k can be connected via "sum rules" to the dynamic structure factor ( ) 47, 48, 60 , .
S k ω
A. PIMC simulations
The QHS system (classical collision parameter ) σ has been studied at 45 state points for ranges of fluid density conditions, 
where E stands for the internal energy and the second term is known as Fierz's term. 62 Grand canonical corrections Eqs. (17) to the foregoing calculation are expected to be negligible. This fact can be understood by realizing that the energy contribution decays exponentially with the distance, and that Fierz's term is an effect localized at "classical contact". The reader is referred to Refs. 35 and 42 for the rest of the related formulas for this propagator.
To compute real system properties connected to correlations when one starts from first principles and uses general interaction potential energies U, involving interactions beyond the pair level, the over-counting of effects must be avoided. The latter is clearly a task to be accomplished with atomic structure calculations, and computations can be performed with path integral techniques. Nevertheless, in the case of model systems, such as the composed of quantum hard spheres, to the knowledge of this author no special propagators even for triplet "collisions" have been obtained. On the other hand, for many purposes this absence may not be crucial, since pure triplet effects in this system are expected to play a significant role only at very high densities. 6 This surmise finds support in the fact that quantum hard spheres repel each other before "classical contact" occurs.
Cao-Berne propagator is more efficient than the former "image" propagators, 3,50 while being much easier to implement to carry out extensive computations than the more recent propagator proposed by de Prunelé. 52 In addition, Cao-Berne propagator is expected to be sufficiently accurate for treating the magnitude of most of the quantum effects considered herein, as indicated by its extension of the results arising from the image propagators and the well-known semiclassical methods. 63 Besides, as this article is mainly concerned with the methodological aspects of the OZ2 direct calculation of isothermal compressibilities, the selection made can be regarded as most significant for these purposes.
PIMC simulations for the QHS fluid have employed the sample size S N P × =500×12, except for those at amu and σ = 3.5 Ǻ. The algorithm employed has been that of the necklace normal modes, 64 and the same procedure explained elsewhere has been followed. 
B. BDH plus GC iterations
BDH calculations for the pair necklace centroid correlations have been performed using two independent partitions in Eqs. (12), 220, 440, n = at equally spaced points within the selected range of distances, / R σ ≤ Å 15.5.
≤
The number of trial distances T R (equally spaced) has been set to 65 . In practice, the latter partitions force one to work with kernels sized (220 220) × and 
IV. RESULTS
A. Isothermal compressibilities
The general trends shown by the two n-partitions employed have been found similar. The quantitative differences between both numerical conditions are generally small, although they become noticeable at the highest densities, where the (440 440) × results become more accurate. On the other hand, there is a close proximity between T χ and .
T χ Also, along the whole series of calculations one finds the expected behavior: (23) remain very well controlled (Table III) smooth fashion and the details cannot be seen on the scale of the graph. Fig.2 shows the pair radial correlation functions (CM, ET and PLR) and, at this point, it is worthwhile to dwell a little on the differences between these three types of radial functions.
B. Equations of state
Firstly, the CM-ET/PLR comparison reveals a much more structured function for the centroids, which can be understood by noting that they "mimic" a fluid at a higher density than the actual one, as every centroid is embedded into a "shell" of hard beads. This situation is somewhat similar to that occurring in some molecular fluids. For example, in liquid 4 CH the intermolecular radial function ( ) g C C − -the "centroid" function-shows higher peaks and larger oscillations than ( ) g H H − -the "PLR" function-. 66 In a sense, the CM function is "more" classical than the ET or the PLR functions, 31, 47 which display fully the well-known quantum smearing out of the classical features (diminished peaks, raised valleys, and rightward shift). Moreover, note that the CM function incorporates quantum effects, which can be checked by comparison with the corresponding classical radial function that: a) may show its features shifted inwards with respect to CM (e.g. hard-sphere fluid); 25 or b) can be even more structured than CM (e.g. liquid parahydrogen, 47 gaseous helium-3). 41 Secondly, the ET-PLR comparison shows that ET vanishes at , r σ = + as no tunneling is possible, whereas PLR appears to be "penetrating" inside the hard core. The latter fact is related to: a) the linear response from the fluid to a continuous weak external field; 25,28 and b) sum rules involving the dynamic structure factor. 48, 60 Although PLR is more "smeared out" than ET, because the former involves more centers for the average, one has to be aware that in the PLR case no actual invasion of the hard core takes place. This PLR feature is due to the fact that the system correlates with itself at different imaginary time slices, and the reader is referred to Ref. 4 for an early and insightful discussion of this issue.
Thirdly, given the asymptotic behavior ( ) 1, g r → the differences CM-ET-PLR will greatly diminish for long distances. However, their exact decay properties are expected to be different, as suggested by the QHS dominant pole analysis reported in Ref. 39 . These three functions should show exponentially oscillatory decay, but the period and inverse decay length of the CM oscillations should be smaller than those of the ET and the PLR cases. involved turns out to be rather slow, 25, 41 and the analytical approach mentioned 32 cannot cope with increasing quantum dispersion effects.
V. CONCLUSION
The fact that the present work is based on fundamental classical methodology is very rewarding in that it is in the spirit of the PI classical isomorphism. 4 As shown, the PI centroids are a most useful device for counting number fluctuations via the OZ2 equation. The BDH+GC procedure employed appears as highly satisfactory in that: a) it has a broad scope, since it is connected to the wide range of problems associated with the direct correlation functions in the real and in the Fourier spaces; 46 and b) the T χ estimates corrected for finite-N effects can be determined in a very fast computational way. BDH+GC improves greatly the long distance behavior of the centroid pair radial correlation functions obtained with canonical PIMC simulations. As a result, application of this procedure reveals the significant Z R zeros that define the isothermal compressibility, which otherwise would be either spoilt or hidden by the finite-N effects. The fact that these zeros exist when properly dealing with the BDH method may be regarded as established numerically, and one can expect the same result from the grand-canonical simulation+BDH approach to the problem. All of this lends support to the use of Eq. (23) for obtaining the error bars in the mean isothermal compressibility determined via BDH+GC.
Although Eq. (23) is expected on physical grounds to be a consistent estimator, i.e. one that tends to zero by enhancing statistics, this is a question that boils down to the role played by the intrinsic dispersion ( ) 
APPENDIX I
The centroid density fluctuations in Fourier space, under the particular action of the nonlocalizing weak external field of constant strength, are obtained by taking the Fourier transform in Eq. (7b) and by using the approximations 
and the application of the functional identity
The OZ2 equation for the homogeneous fluid Eq. (9) 
By collecting the results obtained in all the blocks one computes the "pooled" quantities 59 Eqs. 
APPENDIX III
The main properties of the estimator Eq. (23) 
where a common upper limit R for the integrations has been taken. 
Then, by applying Eq. (14b) one would obtain
By enhancing statistics the sets of solutions { } 54, 55 Alternatively, the situation may be more easily visualized by considering in Eq. (14b) the role played by the consecutive approaches to the direct correlation function. The latter will be very close to one another within the common range of distances, while beyond that range the magnitude of their differences will be truly small, in an analogous fashion to that shown in Fig. 1 . As regards the contribution ( ) (11) has also been carried out with natural cubic splines 
